Abstract. Cascales, Kakol, Saxon proved [3] that in a large class G of locally convex spaces (lcs) (containing (LM )-spaces and (DF )-spaces) for a lcs E ∈ G the weak topology σ(E, E ′ ) of E has countable tightness iff its weak dual (E ′ , σ(E ′ , E)) is K-analytic. Applying examples of Pol [9] (and Kunen [12] ) one gets that there exist Banach spaces C(X) over a compact scattered space X such that C(X) is not weakly K-analytic (even not weakly K-countably determined under (CH)) but the weak dual of C(X) has countable tightness. This provides also an example showing that (gDF )-spaces need not be in class G.
Introduction
Many concrete locally convex spaces (lcs) E are weakly realcompact, i.e. the weak topology σ(E, E ′ ) is realcompact. For example any lcs E whose strong dual is metrizable and separable has this property. This follows from (*): If (E, E ′ ) is a dual pair and σ(E, E ′ ) has countable tightness (i.e. for every A ⊂ E and x ∈ A there exists countable B ⊂ A such that x ∈ B), then σ(E ′ , E) is realcompact. Indeed, by Corson [4] , see also [17, p.137] , it is enough to show that every linear functional f on E which is σ(E, E ′ )-continuous on each σ(E, E ′ )-closed separable vector subspace is continuous. Note that
Hence y ∈ K, so f is continuous. The following is much less evident: Every Banach space with Corson property (C) is weakly realcompact, [4, 11] . It turns out that in a class G of lcs (containing all (LM )-spaces and (DF )-spaces) the converse to (*) holds even in a stronger form [3] . [4] . Every Banach space E which is σ(E, E ′ )-Lindelöf has property (C); the converse fails, see [11] and references. Pol [11] proved that a Banach space E has property (C) iff E ′ σ has property (C ′ ), i.e. for every A ⊂ E ′ and f ∈ A (the closure in σ(E ′ , E)) there exists a countable set B ⊂ A with f ∈ conv B. Still it is unknown if property (C ′ ) can be replaced by countable tightness of the unit ball in σ(E ′ , E), see [11, 5] . The aim of this short note is to prove Proposition 2 yielding Example 1 and Example 2 stated in Abstract, which answer also a question of Professor P. Domański (personal communication). This applies to show that (gDF )-spaces need not to be in class G.
A lcs E belongs to class G if there is a family (A α ) α∈N N of subsets in E ′ covering E ′ such that A α ⊂ A β for α β and in each A α sequences are equicontinuous [2] . All (LM )-spaces (hence metrizable lcs) and dual metric spaces (hence (DF )-spaces) belong to G by Examples from [2] .
A topological space X is called Lindelöf Σ (called also K-countable determined) if there is an upper semi-continuous (usco) map from a nonempty subset Σ ⊂ N N with compact values in X whose union is X, where the set of integers N is discrete and N N is endowed with the product topology [8, 1, 6] . If the same holds for Σ = N N , then X is called K-analytic.
One Proposition and Example
For a Tichonov space X by C p (X) we denote the space of continuous realvalued maps on X endowed with the pointwise topology. In [5, Theorem 3.6] it was proved that if X is a compact zero-dimensional space and C(X) is weakly Lindelöf, then the unit ball in the dual M (X) of C(X) has countable tightness in its weak dual topology, and if X is compact and scattered, then C(X) has property (C) iff X has countable tightness [11, Corollary 1] .
For compact scattered X we show also the following simple fact which will be used below.
Proposition 2 Let X be a scattered compact space such that C(X) is weakly Lindelöf. Then the weak dual of C(X) has countable tightness.
PROOF. By assumption also C p (X) is Lindelöf. Let τ p and τ σ := σ(C(X), C(X) ′ ) be the topology of C p (X) and the weak topology of C(X), respectively. Let B be the closed unit ball in C(X). Since X is scattered, then τ p |B = τ σ |B by [15, Corollary 19.7.7] . But then τ n p |B n = τ n σ |B n for each n ∈ N, where B n := 1≤i≤n B and τ n p , τ n σ denote the own product topologies on the product C(X) n := 1≤i≤n C(X). Since X as compact and scattered is zero-dimensional [1, Theorem IV.8.6] applies to deduce that (C(X) n , τ n p ) is Lindelöf for each n ∈ N. But then B n (closed in τ n p ) is also Lindelöf. Hence B n is Lindelöf in (C(X) n , τ n σ ) for each n ∈ N. Since C(X) n = m mB n and each mB
Let Γ ⊂ Ω be the set of all non-limit ordinals and let Λ = Ω\Γ. Attach to each γ ∈ Λ an increasing sequence (s λ (n)) n in Γ such that lim n→∞ s λ (n) = λ. Endow the set Ω with the following topology: The points from Γ are isolated and the basic neighbourhoods of γ ∈ Λ are of the form W γ (n) = {γ} ∪ { s γ (m) : m ≥ n }. Let X 0 = Ω ∪ {ω 1 } be the one-point compactification of the locally compact space Ω. Then X 0 is scattered. By [9] the Banach space C(X 0 ) is weakly Lindelöf and by [16] it is not a weakly compactly generated (WCG) Banach space. Since every weakly K-analytic Banach space C(X) over compact scattered X is (WCG) by [10] , then C(X 0 ) is not weakly K-analytic. Using Proposition 2 one gets an example showing that a variant of Proposition 1 fails in the following sense.
Example 1
The weak dual of C(X 0 ) has countable tightness but the weak topology of C(X 0 ) is not K-analytic.
Last example may suggest the following question: Let X be a compact scattered space such that C(X) is a weakly Lindelöf space. Is then C(X) a weakly Lindelöf Σ-space? The answer is negative:
Under Continuum Hypothesis (CH) Kunen provided and example, see [12, 9] , of a scattered compact separable space X with cardinality ℵ 1 such that C(X) is weakly Lindelöf. From Proposition 2 the weak dual of C(X) has countable tightness. Note that the weak topology of C(X) is not Lindelöf Σ. It is enough to show that C p (X) is not Lindelöf Σ. Since X is separable, it is enough to show that X does not have a countable network (or equivalently X is not cosmic, i.e. X is not a continuous image of a metric separable space) owing to [1, Corollary IV.9.9] . Assume that X is cosmic. Then also C p (X) is cosmic by [7, Corollary 4.1.3] . But then C p (X) would be separable yielding on X a weaker metric topology. It is however well-known that a metric compact scattered space is countable, a contradiction. So we have Example 2 Under (CH) there exists a compact scattered space X such that C(X) is weakly Lindelöf but not weakly Lindelöf Σ and the weak dual of C(X) has countable tightness.
As we have mentioned any (DF )-space belongs to class G. A natural generalization of the concept of (DF )-spaces is the class of (gDF )-spaces. Following Ruess a lcs (E, ξ) is a (gDF )-space if it has a fundamental sequence of bounded sets (S n ) n and ξ is the finest locally convex topology on E of all agreeing with ξ on all sets S n . If E is a Fréchet space, then the Mackey dual (E ′ , µ(E ′ , E)) is a (gDF )-space, [13, 14] . Set E := C(X 0 ), where C(X 0 ) is as above. Assume that (E ′ , µ(E ′ , E)) ∈ G. Since the weak dual of C(X 0 ) has countable tightness by Proposition 2, then Proposition 1 implies that the weak topology of C(X 0 ) is K-analytic, a contradiction. Therefore, although (gDF )-spaces seem to be "close" to (DF )-spaces, we have Corollary 1 There exist (gDF )-spaces which do not belong to class G.
